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Abstract. Finite type nilpotent spaces are weakly equivalent if and only if 
their singular cochains are quasi-isomorphic as Eao algebras. The cochain 
functor from the homotopy category of finite type nilpotent spaces to the 
homotopy category of E^c algebras is faithful but not full. 



Introduction 

Motivating questions in algebraic topology often take the form of finding alge- 
braic invariants for some class of topological spaces that classify those spaces up to 
some useful equivalence relation, like homeomorphism, homotopy equivalence, or 
even something weaker. The fundamental work of Quillen and Sullivan TS' de- 
scribes a form of algebraic data that classifies simply connected spaces up to rational 
equivalence, the equivalence relation generated by maps of spaces that are rational 
homology isomorphisms. In particular, the latter work associates to each space 
a rational commutative differential graded algebra (CDGA) called the polynomial 
De Rham complex, which is closely related to the algebra of differential forms when 
the space is a smooth manifold and closely related to the singular cochain complex 
in general. Simply connected spaces of finite type (homology finitely generated 
in each degree) are rationally equivalent if and only if their associated polynomial 
DeRham complexes are quasi-isomorphic CDGAs. 

More recently, in ,9j the author proved an analogous theorem for p-equivalence, 
the equivalence relation generated by maps that are Z/pZ homology isomorphisms. 
Here the relevant sort of algebra is an Eao algebra, an up-to-homotopy generaliza- 
tion of a commutative differential graded algebra. The singular cochain complex 
of a space with coefficients in a commutative ring R has the natural structure of 
an Eoc i?-algebra. Simply connected spaces of finite type are p-equivalent if and 
only if their cochains with coefficients in ¥p (= Z/pZ) are quasi-isomorphic Eac 
Fp-algebras. As discussed below, coefficients in the algebraic closure Fp lead to 
even stronger results. 

The purpose of this paper is to prove that the singular cochains with integer 
coefficients, viewed as Eoo algebras, classify finite type simply connected spaces up 
to weak equivalence. We prove the following theorem. 

Main Theorem. Finite type nilpotent spaces X and Y are weakly equivalent if 
and only if the E^o algebras C*{X) and C*(Y) are quasi-isomorphic. 

Weak equivalence is the equivalence relation generated by the maps of spaces 
that induce bijections of components and isomorphisms of all homotopy groups for 
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all base points; such maps are themselves called weak equivalences. By a theorem 
of Whitehead, spaces homotopy equivalent to CW complexes (which include most 
spaces of geometric interest) are weakly equivalent if and only if they are homotopy 
equivalent. Nilpotent is a generalization of simply connected: It means that the 
fundamental group at each point is nilpotent and acts nilpotently on the higher 
homotopy groups. 

The invariants discussed in IIHI I18j do more than distinguish equivalence 
classes of spaces, they distinguish equivalence classes of maps. We can consider 
the category obtained from the category of spaces by formally inverting the ratio- 
nal equivalences; this category is called the rational homotopy category. Likewise, 
we can form the homotopy category of CDGAs by formally inverting the quasi- 
isomorphisms. Then U8^ proves that the full subcategory of the rational homotopy 
category of finite type nilpotent spaces embeds as a full subcategory of the ho- 
motopy category of CDGAs. Similarly |^ proves that the full subcategory of the 
p-adic homotopy category (p-equivalences formally inverted) of finite type nilpotent 
spaces embeds as a full subcategory of the homotopy category of Eoo Fp-algebras. 
For the homotopy category of Fp-algebras, the functor is faithful but not full. 

In the integral situation, the category obtained from spaces by formally inverting 
the weak equivalences is called simply the homotopy category; it is equivalent to 
the category of CW complexes and homotopy classes of maps. We show that the 
singular cochain functor with integer coefficients, viewed as a functor from the 
homotopy category to the homotopy category of Eqc algebras is faithful but is not 
full, just as in the case for coefficients in Fp. First, for faithfulness, we prove the 
following refinement of the Main Theorem. In it, [AT, y] denotes the set of maps 
from the space X to the space Y in the homotopy category, and [A, B]^ denotes the 
set of maps from the Eoo algebra A to the Eoo algebra B in the homotopy category 
of Eoo algebras. 

Theorem A. There is a function e: [C*Y,C*X](f — > [X, y], natural in spaces X 
and finite type nilpotent spaces Y , such that the composite 

[X,Y] [C*Y,C*X]e [X,Y] 

is the identity. If in addition X is finite type, then for any f in [C*Y, C*X]it, the 
maps f and C*{e{f)) induce the same map on cohomology. 

We suspect that last the statement is true for arbitrary X, but our techniques 
do not appear to suffice. 

The significance of Theorem A is that even though C* is not a full embedding, 
it is still sufficient for many classification problems about existence and uniqueness 
of maps. For example, for any finite type space X and any finite type nilpotent 
space Y , Theorem A implies: 

(i) (Existence) Given any (j> in [C*Y, C*X],t, there exists / in [X, Y] such that 
H*f = H*(j). 

(ii) (Uniqueness) For /, g in [X,Y], f — g if and only if C*/ — C*g in the 
homotopy category of Eoo algebras. 

We should also note that the Main Theorem is an immediate consequence of The- 
orem A: By Dror's generalization of the Whitehead Theorem a map between 
nilpotent spaces is a weak equivalence if and only if it induces an isomorphism on 
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homology. For finite type spaces, a map induces an isomorphism on homology if 
and only if it induces an isomorphism on cohomology. 

Finally, to show that the functor C* is not full, we describe the set of maps 
[C*Y,C* X]it for Y finite type nilpotent. As we explain in the next section, the 
functor C* has a contravariant right adjoint U. That is, there exists a functor 
U from the homotopy category of i?oo algebras to the homotopy category and a 
natural bijection 

[X,VA] ^ [A,C*X]e 

for any space X and any E^o algebra A. Thus, to understand [C*Y,C* X]^, we 
just need to understand the space XJC*Y. Let Y^ denote the finite completion of 
Y and let Yq denote the rationalization of F, as defined for example in jQ. Let 
AY^ denote the free loop space of Y^ , and consider the map AY^ — > Y^ given 
by evaluation at a point. Define AjY to be the homotopy pullback of the map 
AY^ — > Y^ along the finite completion map Y — > Y^. 

^fY >Ay^ 



Y 

We prove the following theorem. 

Theorem B. Let Y be a finite type nilpotent space. Then \JC*Y is weakly equiv- 
alent to AfY. 

We have that iTnAfY = 7r„y © iTn+iY'^ at each base point of AfY. When Y 
is finite type nilpotent TTn+iY^ is the pro-finite completion of iTn+iY. When Y 
is connected and simply connected, AfY is connected and simple (the fundamen- 
tal group is abelian and acts trivially on the higher homotopy groups), and so 
[S'\AfY]^Tr„AfY. 

It follows from Theorem B that C* : [X,Y] — > [C*Y,C*X]e is usually not 
surjective. As a concrete example, when we take X = S'^ and Y = S^, the set 
[X, Y] is one point and the set [C*Y, C*A]g is uncountable. 

It seems plausible that the finite type hypotheses may be dropped by considering 
a category of (fiat) Eoo coalgebras in place of Eoo algebras. Although some authors 
have claimed this sort of result ^S] or better results as of this writing no one 
has found a correct proof. 
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1. Outline of the Argument 

In this section we outline the proofs of Theorems A and B. The underlying idea 
is to take advantage of the "arithmetic square" to reduce questions in terms of the 
integers to questions in terms of the rational numbers and the prime fields answered 
in 0. Let denote the finite completion of the integers, i.e., the product of 
over all primes p, and let = Z^ ® Q. The integers are the fiber product of 
the inclusions of and Q in Q^, and the square on the left below is called the 
arithmetic square. 

Z >Z'^ Y >Y^ 



Q Fq >{Y^h 

The arithmetic square in homotopy theory is the square on the right. When Y 
is a finite type nilpotent space, then Y is equivalent to the homotopy puUback 
of the rationalization map Y^ — > {Y^)q along the rationalization of the finite 
completion map Yq — > {Y^)iq. Looking at the definition of A^K, we obtain an 
arithmetic square of sorts for AfY from the arithmetic square for Y. 

Proposition 1.1. When Y is finite type nilpotent, AfY is weakly equivalent to the 
homotopy pullback of AY^ — > (Y^)iq along Yq > {Y^)q,. 

^fY ^Ay^ 

Yq > (r^)Q 

We would like to describe \JC*Y as an analogous homotopy pullback. We begin 
by reviewing the construction of U. We understand the category € of i?oo algebras 
to be the category of £^-algebras for some cofibrant i?oo operad £ (over the inte- 
gers). We recall from [01 §2], as improved by |7|, that £ is a closed model category 
with weak equivalences the quasi-isomorphisms and fibrations the surjections. The 
cofibrations are determined by the weak equivalences and the fibrations, but a con- 
crete description of them may be found in P| 2.4-5]. We let S denote the category 
of simplicial sets. The normalized cochain functor with coefficients in Z naturally 
takes values in the category €, and defines a contravariant functor C* : S — > €; 
more generally, for any commutative ring i?, the normalized cochains with coeffi- 
cients in R defines a contravariant functor C*{—;R): S — > €. These functors have 
contravariant right adjoints. 

Proposition 1.2. Let R be a commutative ring, let A be an Eac algebra and let 
T(A;R) denote the simplicial set of maps (£(A, C*(A[»]; i?)), where A[n\ denotes 
the standard n-simplex simplicial set. Then T{—;R) is a contravariant functor 
€ — > S and is right adjoint to C*(— ; R). 

We omit the proof as it is identical to the proof of 4.2]. The unit map 
Y — > T{C* (Y; R); R) is easy to describe: It takes the n-simplex of F to the 
n-simplex 

C*if„;R):C*{Y;R) ^C*{A[n];R) 
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of T{C*{Y; R); R), where fa '■ A[n] — > Y is the map of simpHcial sets correspondmg 
to a (sending the non-degenerate n-simplex of A[n] to a). For the reader famihar 
with Appendix A of [H] and its notation, we remark that T{—;Z) = U{—;Z). 
For more general R, U{—;R) was defined as a functor from the category of £'00 
i?-algebras to simpHcial sets, so T{—;R) is not the same as U{—;R); rather, it 
satisfies T{A; R) ^ U(A i?; i?). 

The functor C*(— sends weak equivalences of simplicial sets to quasi-iso- 
morphisms of E^o algebras and sends cofibrations (injections) of simplicial sets to 
fibrations (surjections) of Eoo algebras. This implies that (C*(— T(— ;i?)) is a 
Quillen adjoint pair, i.e., satisfies the conditions of 12, Theorem 4-3] or jB| 9.7.(i)] 
(cf. [HI 9.8]) that ensure that the right derived functor of T{—;R) exists and is 
adjoint to the derived functor of C*(— ; R). We denote this right derived functor as 
T(— ; R). We remark that since T(— ; R) is contravariant, T{A; R) is constructed by 
choosing a cofihrant approximation A' — > A, and setting T(A; R) ~ T{A'] R). As 
a particular case, we get the functor U as another name for T( — ; Z). We summarize 
this as follows. 

Proposition 1.3. The functor T{-~]R) converts cofibrations of Eao algebras to 
Kan fibrations of simplicial sets and converts quasi- isomorphisms of cofihrant E^o 
algebras to weak equivalences of simplicial sets. The right derived functor R) 
of T{—; R) exists and is right adjoint to C*{—]R). 

Notation 1.4. We write U for r(-;Z) and U for T(-;Z). 

The following theorem proved in Section |21 gives the arithmetic square we need. 

Theorem 1.5. Let A be a cofibrant Eao algebra. Then the diagram 

U{A) >T{A- Z^) 

T(A;Q) >T(A;Q^) 

is homotopy cartesian, i.e., the induced map from U{A) to the homotopy pullback 
ofT{A;Z^) — > T{A;Q^) along T{A:Q) — > T{A;Q^) is a weak equivalence. 

The proof of Theorem B involves showing that when we take A to be a cofibrant 
approximation of C*Y, the square in Theorem 11.51 is equivalent to the square in 
Proposition 11.11 describing AfY. The rational part is straightforward to analyze. 
The adjunction of Proposition 1 1 . 21 for U = T(— ; Z) gives us a map Y — > U{C*Y), 
which we compose to obtain a map 

(1.6) r/: r — > U{C*Y) = T{C*{Y);Z) — > T{C*Y; R) — > T{A; R). 

Passing to the homotopy category, we obtain a map Y — > T{C*Y; R) that is 
natural in Y. The following theorem is essentially 9, A. 6]; we review the details 
and give a complete argument in Section^ 

Theorem 1.7. Let Y be a connected finite type nilpotent simplicial set. Then the 
natural map in the homotopy category rj: Y > T(C*Y;Q) is rationalization. 

To analyze T(C*F; Z^), we use the following theorem proved in SectionsEland01 
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Theorem 1.8. Let R he a complete discrete valuation ring with maximal ideal m, 
such that the residue field R/m has finite characteristic. Then the natural map 

T{C*Y; R) — > T(C*y; R/m) 

is a weak equivalence when Y is connected finite type nilpotent. 

As a consequence, the map T{C*Y;'Zp) — > T{C*Y;¥p) is a weak equivalence. 
Appendix A of [S| proves (in our current notation) that when Y is connected finite 
type nilpotent, T{C*Y;¥p) is weakly equivalent to Ai^^, the free loop space of 
the p-completion of Y. Since is the product of over all primes p, and AY^ 
is equivalent to the product of AY^ over all primes p, we obtain the following 
corollary. 

Corollary 1.9. Let Y be a connected finite type nilpotent simplicial set. Then 
there is natural isomorphism in the homotopy category AY^ — > T(C*y;Z^). 

In order to describe the last corner, we need an observation on the natural map 
rj when R contains Z^ . In the description of ry in (|l.t)|) , we used the unit of the (C* , 
U) adjunction; however, it is clear from the explicit description of the unit map 
above that when the commutative ring R contains Z^, we obtain the same map as 
the following composite using the (C*(— ;Z^), r(— ;Z^)) adjunction. 

Y — > T{C*{Y; Z^); Z^) — > T{C*Y; R) — > T{A; R) 

Factoring the map A — > C*{Y;Z^) as a cofibration A — > A^ followed by an 
acyclic fibration A^ — > C* (Y ; Z^ ) , for some Eoo algebra A^, we see that the map 
rj factors through the map Y — > T(C*(A^; Z^); Z^). In other words, rj may be 
written as a composite 

Y — > T(C*(r;Z^);Z^) — > T{C*Y;R), 

where the first map is the unit of the derived adjunction (C*(— ;Z^), T(— ;Z^)). 
The significance of this is that the finite completion map Y — > Y^ induces a 
quasi-isomorphism C* {Y^;Z^) — > C*{Y;Z^) when Y is finite type nilpotent (or 
when we take Y^ to denote Bousficld finite completion PP). It follows that the 
induced map T(C*(y; Z^); Z^) — > T(C*(r^; Z^); Z^) is a weak equivalence, and 
hence that the map 77 factors in the homotopy category as the composite of finite 
completion Y — > Y^ and the natural map 

(1.10) : — > T(C*(r''; Z^); R) ~ T{C*{Y; Z^); R) — > T{C*Y; R) 

The following theorem regarding this map is proved in Sectional 

Theorem 1.11. Let Y be a connected finite type nilpotent simplicial set. Then the 
natural map in the homotopy category rj^ : Y^ > T{C*Y;'Q^) is rationalization. 

We note that the universal property of rationalization then implies that the 
following diagram commutes. 

Y > Yq T{C*Y; Q) 

yA > T{C*Y; Q^) 
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This identifies one map in the diagram in Theorem 1 1.51 Identifying the other map 
in the diagram is significantly more difficult. The following theorem is proved in 
Sectional 

Theorem 1.12. Let Y he a connected finite type nilpotent simplicial set. The 
natural isomorphism in the homotopy category KY^ — > T(C*y;Z^) makes the 
following diagram in the homotopy category commute, 

AF^ > T(C*y; Z'^) 



yA ^ T(C*y; Q^) 

Theorem B, which requires no naturality, is an easy consequence of Theorems ll.51 
11.71 II. Ill and ll.l2l in the connected case; the non-connected case follows from the 
connected case and 10 , 3.1] (for k — Z). If we compose the inverse in the homotopy 
category of the equivalence KfY — > \5C*Y with the map AfY — > Y , we obtain 
a map in the homotopy category \5{C*Y) — > Y . The preceding theorems are 
not strong enough to imply that we can arrange for this map to be natural in 
Y\ however, the proof of these theorems is. We prove the following theorem in 
Section |3 

Theorem 1.13. There is a natural map in the homotopy category e: \J{C*Y) — > 

Y for Y a finite type nilpotent simplicial set, such that the composite with the unit 

Y U(C*r) ^ Y 

is the identity. 

This theorem gives the first statement of Theorem A, the natural retraction 
e: [C*Y, C*X],£ — > [X, Y]. The remainder of Theorem A requires us to show that 
maps f,ge [C*Y,C*X],£ that satisfy e(/) = e(g) must satisfy H*f = H*g. We do 
this by identifying in E^o algebra terms when maps satisfy e(/) = ^(ff)- We need 
a ring that plays the same role for Z^ that Fp plays for Fp. This ring is the Witt 
vectors of Fp. For a proof of the uniqueness statement in the following definition, 
see ^1 n§5]; for an elementary construction of the Witt vectors, see 14, II§6]. 

Definition 1.14. Let W^(Fp) denote the p-typical Witt vectors of Fp, the unique 
complete discrete valuation ring with maximal ideal {p) ^ (0) and residue field Fp. 
LctW = YlpW{¥p). 

By Theorem 11.81 and the Main Theorem of [0] , we have that the natural map 

Y — > T{C*Y; W(Fp)) is p-completion when Y is connected finite type nilpotent. 
It follows that the natural map Y — > T(C*F; W) is finite completion when Y is 
connected finite type nilpotent. Just as in j^, we may use the closure of Fp under 
degree p extensions in place of Fp, i.e., the (infinite) algebraic extension that is the 
fixed field of n ^£ < = Gal(Fp/Fp). 

In Section we prove the following theorem. 

Theorem 1.15. Let Y be a connected finite type nilpotent simplicial set. There 
is an isomorphism in the homotopy category Y^ — > T{C*Y;W) such that the 
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following diagram in the homotopy category commutes 

Ay^ ^T(C*y;Z^) 



yA ^T(C*r;W) 

where the top map is the map in Theorem M.l'^^ 

Given a map /: C*Y — > C*X, write and /q for the composite maps 

C*Y ^ C*X — > C*{X;W), C*Y ^ C*X — > C*{X;Q), 
respectively. We have the foUowing coroUary of the previous theorem. 

Corollary 1.16. Let X be a simplicial set, let Y be a finite type nilpotent simplicial 
set, and let f and g be maps in [C*Y, C* X](c such that e(/) = 6(17) in [X, Y]. Then 
f„ = g„ tn [C*Y,C*{X-W)]e and ^ = g,, m [C*r, C*(X; Q)]^. 

Proof. If e(/) = e{g), then / and g are sent to the same element under the map 

[C*Y,C*X]e 9i [X,VC*Y] — > [X,Y''] x [X,Yq]. 

Since we can decompose the above map into a product over the components of X , 
it suffices to consider the case when X is connected. We can then decompose into a 
disjoint union over the components of Y (by ^| 3.1]), and so it suffices to consider 
the case when Y is also connected. 

By the previous theorem, / and g are sent to the same element under the map 
above if and only if / and g are sent to the same element under the map 

[C*Y,C*X]i = [X,IJC*Y] — > [X,T{C*Y:W)] x [X,T{C*Y-Q)]. 

By the adjunction of Proposition^31 this is equivalent to the condition that = g„ 
and = □ 

We get the second statement of Theorem B as a consequence: When X is finite 
type, the map C*X — > C*{X;W) x C*{X,Q) is injective on cohomology. 

2. Simplicial and Cosimplicial Resolutions 

In this section we prove Theorem 11.51 which establishes the arithmetic square 
fracturing the functor U. The proof is a standard argument using the tools of sim- 
plicial and cosimplicial resolutions introduced in jSj . We review the basic definitions 
and terminology, which we use throughout the remainder of the paper. 

Let 9Jl be a closed model category. For an object X of 371, a cosimplicial resolu- 
tion of X is a cosimplicial object X' together with a weak equivalence X'^ — > X 
such that X° is cofibrant, each coface map in X* is an acyclic cofibration, and each 
map L" — > is a cofibration, where L" is the object denoted as in 

[51 4.3]: It is defined to be the colimit of the diagram in 971 with objects 

• For each i, < i < n + 1, a copy of X" labeled (d% X") 

• For each (i, j), 0<i<j<n-|-l, a copy of labeled {d^d\X'^~^) 
(we understand X^^ to be the initial object). 

and maps 

• For each (i,j), 0<i<j<n-|-l,a map {d^d\X'^^'^) — > (d^,X") given 
by the map d' : — > X". 
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• For each < i < j < n + 1, a. map {d^d\X"~'^) — > {d\X") given 

by the map d^-^ : — > X". 

Simphcial resolutions are defined dually; a simplicial resolution in 9Jt is a cosimpli- 
cial resolution in 9Jt°P. The following proposition and its proof give enlightening 
examples of simplicial and cosimplicial resolutions. 

Proposition 2.1. For any commutative ring R, C*(A[»];i?) is a simplicial reso- 
lution of R in the category of E^o algebras. 

Proof. Clearly, A[»] is a cosimplicial resolution of * in the category of simplicial sets: 
The object L" is just the boundary of A[n + 1]. If we view C*(— ; R) as a functor 
to then it is a Quillen left adjoint. In particular it preserves cofibrations, 
acyclic cofibrations, and colimits of finite diagrams. It follows that C*{~;R) takes 
cosimplicial resolutions of simplicial sets to cosimplicial resolutions in (£°p. □ 

Cosimplicial resolutions have the following basic properties. 

Proposition 2.2. Let X' be a cosimplicial resolution. The functor dyi{X' ,—) from 
dJl to simplicial sets preserves fihrations and acyclic fibrations, and preserves weak 
equivalences between fibrant objects. 

Proof. If we write i"^* for the colimit of the diagram analogous to the one above but 
omitting {d^,X"), a straightforward induction (written in detail in [SJ §6]) shows 
that the map L"'* — > X'"'^-^ is an acyclic cofibration. When /: Y — > Z is a 
fibration, the left lifting property for the acyclic cofibrations L"'* — > with 
respect to the fibration / translates under the universal property of the colimits 
defining the L"'* into the extension condition for Tl{X*,f) to be a Kan fibration. 
Likewise, when / is an acyclic fibration, the left lifting property for the cofibration 
L" — > with respect to / translates under the universal property of the 

colimit defining L" into the extension condition for Tl{X*, f) to be an acyclic Kan 
fibration. K. Brown's lemma 6. 9.9] then implies that 97t(X*,— ) preserves weak 
equivalences between fibrant objects. □ 

Proposition 2.3. Let X* be a cosimplicial resolution of X and let Y, be a simplicial 
resolution of Y . If X is co fibrant and Y is fibrant, then the maps of simplicial sets 

dJl{X',Y) — » diagOT(X*, Y.) < — m{X,Y,) 

are weak equivalences. 

Proof. When we regard dTl{X' ,Y) as a bisimplicial set, constant in the second 
simplicial direction, then the map of bisimplicial sets 3Jl(X*,y) — > 9Jt(X*,y,) 
has the property that each map 9J1(X*, y) — > 9J1(X*, 1^) is a weak equivalence by 
the previous proposition. It follows that the map dyi{X' ,Y) — > diag9Jl(X*, Y.) is 
a weak equivalence. The map Tl{X,Y,) — > 97l(X',Y,) is a weak equivalence by 
the same argument in 9}1°p. □ 

Proposition 2.4. Every object has a simplicial resolution. 

Proof. This is a straightforward factorization argument; see |31 6.7] for details. □ 
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For the application of cosimplicial resolutions to the proof of Theorem 11.51 it is 
convenient to introduce the following terminology. Let 

W >X 

(2.5) I 

Y > Z 

be a commutative square in a closed model category SH. By factoring maps by 
weak equivalences followed by fibrations, we can form a commutative square 

X > Zi Y 

X' ¥>■ Z' « Y' 

where Z' is fibrant, X' — > Z' and Y' — > Z' are fibrations, and the maps X — > 
X', Y — > Y', and Z — > Z' arc weak equivalences. We have an induced map from 
W to the pullback X' Xz' Y' . If this map is a weak equivalence for some choice of 
X' — > Z' < — Y' , it is a weak equivalence for any choice. 

Definition 2.6. We say that the square (|2.5(l is homotopy cartesian if the map 
W — > X' Xz' Y' is a weak equivalence. 

This is equivalent to the usual definition in the category of spaces or simplicial 
sets. Maps out of cosimplicial resolutions preserve the homotopy cartesian property 
when the objects in the square are fibrant. 

Proposition 2.7. Let A* be a cosimplicial resolution. If the square on the left is 
homotopy cartesian in dJl, 

W >X dn{A',W) >TliA',X) 

Y >Z m{A',Y) >m{A',Z) 

and W , X , Y , Z are all fibrant, then the square on the right is homotopy cartesian 
in S. 

Proof. Let X' — > Z' < — Y' be as in Definition ESI above, and let W be the 
pullback X' Xz' Y' . Then the square 

^{A\W') » m{A\X') 

m{A\Y') ^ Z') 

is a pullback square with all maps fibrations and all objects Kan complexes. The 
vertical maps 

m{A\X) > 97l(A*, Z) i m{A\ Y) 

dK{A\X') » m{A\ Z') « m{A',Y') 



COCHAINS AND HOMOTOPY TYPE 



11 



are weak equivalences, as is the map ^{A* , W) — > Tl{A* , W'). This proves that 
the square on the right in the statement is homotopy cartesian. □ 

The following proposition is the last fact we need for the proof of Theorem 1 1.51 

Proposition 2.8. The arithmetic square ofZ, TL'^ , Q, is homotopy cartesian 
in the category of E^o algebras. 

Proof. Factor — > and through acyclic cofibrations Z'^ — > B and 
— > C followed by fibrations B — > and C — > Q^, and let D be the 
pullback B Xqa C. We get an induced long exact sequence on cohomology 

> H-\Q'') H"{D) {H°B X H°C) — > i7°(Q^) H^{D) ^ ■■■ . 

Of course H^^Q^ = and the map 

Z'' X Q = H°B X H^C — > i?"(Q'^) = 

is surjective, so H^D ~ 0. The long exact sequence above is therefore isomorphic 
to the lengthened short exact sequence 

>0 — > Z — > (Z^ X Q) — — * — > ■■■ 

and the map Z — > D is a quasi-isomorphism. □ 

We can now prove Theorem II. 51 

Proof of Theorem \1.5l We choose a cosimplicial resolution A* of A. Then Propo- 
sitions and imply that the square 

<f{A',Z) ><^{A',Z'') 

<a{A',Q) >e(A',Q^) 

is homotopy cartesian. The theorem now follows from Propositions 12 . l1 and 12 . 3l □ 

3. A Reduction of Theorem 11.81 

In this section, we use the theory of resolutions reviewed in the previous section 
to reduce Theorem 11.81 to a statement only involving the residue field k = R/m. 
The basic idea is that a complete discrete valuation ring is the limit of a sequence of 
"square zero extensions" by the quotient field and that such extensions are obtained 
by base change from a trivial extension, denoted k © 1] below. As we explain 
below, this reduces the problem to understanding the simplicial sets of maps into 
k (B k[—l] factoring a given map into k. The main reduction. Theorem 13.41 below, 
states that these are contractible; we prove this theorem in the next section. 

Because of the structure of the argument that follows, it is convenient to reformu- 
late Theorem 11.81 in the following form, where the basic construction is functorial 
in Eocy algebra maps of R instead of merely commutative ring maps of R; it is 
equivalent to the original statement by Proposition 

Theorem 3.1. Let Y be a connected finite type nilpotent simplicial set and let A* 
be a cosimplicial resolution of C*Y . Let (i?,m) be a complete discrete valuation ring 
whose residue field k = R/m has finite characteristic. Then the map of simplicial 
sets ^{A* , R) — > iB{A',k) is a weak equivalence. 
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With notation as above, choose n to be an irreducible element of m; then m — (tt). 
Since the valuation is complete, the canonical map 

R — > Limi?/(7r") 

is an isomorphism. Since the maps i?/(7r"+^) — > _R/(7r") are surjective, we have 

=Lim€(A',i?/(7r")) 

is the limit of Kan fibrations of Kan complexes. Thus, to prove Theorem 13.11 it 
suffices to show that each map 

(£(A',i?/(7r"+i))^(S(A-,i?/(7r")) 

is a weak equivalence. 

Consider the following variant of the tower R/{tt"). Let _R„ be the Koszul 
complex associated to tt": This is the commutative differential graded i?-algebra 
that is the exterior i?-algebra on an element x„ whose differential is tt". We have 
a map of commutative differential graded i?- algebras Rn+i — > Rn obtained by 
sending Xn+i to tt • a;„; this induces on homology the map of commutative rings 
i?/(7r"+i) y i?/(vr") 

Let fc ® 1] denote the graded commutative fc-algebra, exterior on an clement 
of degree —1 (where differentials raise degree). We regard this as a commutative 
differential graded i?-algebra with zero differential, augmented to k by the projec- 
tion map sending the exterior generator to zero. (We think of fc © 1] as the 
trivial "square zero extension" of k.) We have a map of commutative differential 
graded i?-algebras i?„ — > k © k[—l] that sends a;„ to the exterior generator; this 
map is surjective. 

Proposition 3.2. The commutative diagram 

Rn+i »■ k 

Rn » k e fc[-l] 

is a pullback square and homotopy cartesian square in the category of E^o algebras. 
By Proposition 12. 71 it follows that the square 

(S(A*, i?„+i) > £(A*, k) 



e{A',Rn) > e{A', k © 

is homotopy cartesian in the category of simplicial sets. Since the maps 

£(A',i?„+i) (£(A',i?/(7r"+i)), eiA',Rn) e:(A',i?/(7r")) 
are weak equivalences, we are reduced to showing that the map 

(B{A',k) — > (B{A',k®k[-l]) 
is a weak equivalence, or equivalently, that the retraction 

r: <B{A',k®k[-l]) — > (B{A\k) 
(induced by the augmentation k © 1] — > k) is a weak equivalence. 
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Since the map k © ^[—1] — > k is surjective, the map r is a Kan fibration. It 
therefore suffices to show that the fiber of r at each vertex is contractible. Choose 
and fix a map b: A° — > k. If we write (E/k for the category of Eoc algebras lying 
over k, then the fiber of r over the point b is exactly the simplicial set 

(e/fc)(A',/c©fc[-l]), 

where the map A'' — > k is the composite of the degeneracy — > A" and the 
map b: A" — > k. Thus, Theorem II .81 reduces to showing that this simplicial set is 
contractible. We reformulate this as Theorem 13.41 below, using Proposition 12.31 to 
switch from using a cosimplicial resolution of C*Y to using a simplicial resolution 
of fc © fc[-l]. 

We construct a simplicial resolution for fc © 1] as follows. For a simplicial 
set X, let C*{X;k[—l]) denote the differential graded fc-module obtained from 
C*{X; k) by shifting one degree down, 

C"(X;fc[-l]) = C"+i(X;fc). 

We make k © C*{X;k[—l]) an Eoo algebra lying over k by giving it the square 
zero multiplication. This is an Eoo algebra structure coming from the augmented 
commutative differential graded fc-algebra structure where any pair of elements in 
the augmentation ideal C*{X; k[—l]) multiply to zero (i.e., C*{X; k[~l]) is a square 
zero ideal). The elements in k multiply normally and multiply with elements of 
C*{X; 1]) by the usual fc-niodule action. Now consider the simplicial object of 
€/ fc given by 

fc©C*(A[.];fc[-l]); 
clearly, this is a simplicial resolution of fc © 1] in <B/k. 

Definition 3.3. Let A be an E^o algebra lying over k. Let 
D{A; k) = {€/k){A, k © C*(A[.]; 

The work above together with Proposition 12.31 reduces Theorem 11.81 to the fol- 
lowing theorem. 

Theorem 3.4. Let k be a field of positive characteristic. Let Y be a connected 

finite type nilpotent simplicial set, let C > C*Y be a cofibrant approximation, 

and let C — > k be a map of Eoo algebras. Then D{C;k) is contractible. 

As stated, the theorem above requires us to prove contractibility for all cofibrant 
approximations C. The following lemma allows us to replace the implicit "for 
every" with a "there exists" and work with a convenient cofibrant approximation 
instead of an arbitrary one. It is an immediate consequence of P[ 2.12] or the fact 
that in the model category (£ all objects are fibrant. 

Lemma 3.5. Let C — > C*Y be a given cofibrant approximation. If A — > C*Y is 
any cofibrant approximation, then there exists a quasi- isomorphism A — > C . 

4. The Proof of Theorems fTTl 11.111 and IOI 

In this section we prove Theorems II . 71 and 1 1 . 1 II from Section^ and Theorem 13. 41 
from the previous section. What these theorems have in common is that they are 
proved by induction up a principally refined Postnikov tower of a connected finite 
type nilpotent simplicial set. 
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Recall that a principally refined Postnikov tower is a finite or infinite tower of 
fibrations 

> ^ >Y^^Yq = * 

such that each Yi is formed as the puUback of a map Yi — > K{Gi,ni + 1) along the 
fibration L{Gi, rii + l) — > K{Gi, rii + l), and ni, n2, ... is a non-decreasing sequence 
of positive integers, taking on a given value at most finitely many times. Here 
K{Gi, Ui + l) denotes the (standard) Eilenberg-Mac Lane complex with TTm+i = Gi, 
the map L{Gi, rii + 1) — > K(Gi, jii + 1) is a Kan fibration, and L{Gi, ni + 1) is a 
contractible Kan complex. See for example, [111 §23]. 

A connected simplicial set Y is finite type nilpotent if and only if there exists a 
principally refined Postnikov tower {Yi — > K(Gi, rii + 1)} and a weak equivalence 
Y — > LimYi such that each Gi is Z or Z/pZ for some p (depending on i). If we 
let Gf denote the pro-finite completion of Gi, then Y^, the finite completion of Y, 
admits a principally refined Postnikov tower {Yf" — > K{Gi, rii + !)}• Specifically, 
each is the finite completion of Yi and the maps Yj^ — > K{G^ ,n.i + l) represent 
the finite completion of the maps Yi — > K{Gi, rii + 1), i.e., the diagram 

Y, >KiG„n, + l) 

Y^'' >K{G^,n, + l) 

commutes in the homotopy category. The following proposition gives the first 
reduction. 

Proposition 4.1. Let ■ ■ ■ — > Yi — > Yq be a principally refined Postnikov tower for 
the connected finite type nilpotent simplicial set Y. If each Yi satisfies Theorem \l /1\ 
M.llV or \3.4\ then so does Y . 

Proof. Let — > C*yb be a cofibrant approximation, and inductively construct 
Ai — > C*Yi by factoring the composite map Ai-i — > C*Yi^i — > G*Yi as 
a cofibration Ai^i — > Ai followed by an acyclic fibration Ai — > C*Yi. Let 
A = Colim. Ai] then the canonical map A — > C*(Limy) — > C*Y is a quasi- 
isomorphism since the canonical map ColimiJ* (LimYi) — > H*Y is an isomor- 
phism. Let 

T, = r(A„Q), ^T{A,Q''), D, = D{A„k), 

and let T, T^, and D be the corresponding constructions for A. In the last case 
we choose the augmentations for the Ai — > k by choosing an augmentation for 
A — > k using Lemma l3.5l to find a quasi-isomorphism A — > G from A to our given 
cofibrant approximation G and composing with the given augmentation G — > k. 
Then we have 

T^LimTi, T^^Limi;^, D ^ Lim A, 

the limits of towers of fibrations of Kan complexes. We have a commuting diagram 
of towers Yi — > T^, and the natural maps in the homotopy category rj^ give us a 
homotopy commuting diagram of towers Y/^ — > Tf", where {Y/^} is the Postnikov 
tower for Y^ corresponding to {Yi}. By hypothesis the Ti, T/^, or Di are all 
connected and the sequence iTnTi, 7r„r/^, or 7r„Di is Mittag-Leffler, and so we have 

7r„T = Lim7r„Ti, n nT ^ = Liian nT^" , TTnl? = Lim7r„A- 
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The proposition now follows. 



□ 



Next we need the following proposition that explains the effect on cochain Eao 
algebras of puUback along a Kan fibration. It is not formal; it is proved by the same 
argument as 5.2], which we omit. In the statement, homotopy cocartesian is the 
dual of homotopy cartesian (Definition r2.6|l : A square is homotopy cocartesian if 
the corresponding square in the opposite category is homotopy cartesian. 

Proposition 4.2. // the square on the left is a homotopy cartesian square of con- 
nected finite type simplicial sets with K simply connected, 




■C*L 



C*X <- 



C*K 



then the square on the right is a homotopy cocartesian square of E^c algebras. 
This proposition allows us to prove the following reduction. 



Proposition 4.3. Theorems VLHI and \3.4\ hold for an arbitrary connected 
finite type nilpotent simplicial set if they hold for K{1i,n) and K{1i/p'L^Ti) for all 
p, n>2. 

Proof. Choose a principally refined Postnikov tower {Yi — > K{Gi,ni + 1)} with 
each Gi = Z or Z/pZ for some p. By induction, we suppose the theorem holds for 
Yi-i. We choose cofibrant approximations and cofibrations, making the following 
diagram commute. 



C*r,_i i C*K{G^, n, + 1) > C*L{G^, n, + 1) 

If we let Ai be the pushout Ai-i lis C, then the previous proposition tells us that 
the map Ai — > C*Yi is a quasi-isomorphism. The squares 



T{A, 



■T{C,( 



T(A„(Q'^)^T(C,Q^) D{A„k)^D{C,k) 



T(A,_i,Q)^T(B, 



T(A,_i,Q^)^T(B, 



D{Ai^i,k) ^ D{B,k) 



are puUbacks of Kan fibrations of Kan complexes. Here, in the last square, we 
choose the augmentations by choosing an augmentation Ai — > k using Lemma 13.51 
and the given augmentation on our given cofibrant approximation. We have a 
commutative diagram comparing the fibration square defining Yi with the square 
on the left and a homotopy commutative diagram comparing the fibration square 
defining Y/^ with the square in the middle. Inspection of the long exact sequence 
of homotopy groups associated to these fibration squares then gives the result. □ 

To prove the theorems for i4r(G, n)'s, it is convenient to change coefficients. For 
any commutative ring i?, we can consider the category (Er of Eao i?-algebras over 
the operad {£ (^R). We have an extension of scalars functor obtained by tensoring 



16 



MICHAEL A. MANDELL 



an Eaa algebra with the commutative ring R. Extension of scalars is the left adjoint 
of the forgetful functor iBr — > €: We have a bijection 

<E{A,B) = (aR{A®R,B), 

natural in the Eoo algebra A and the Eoo i?-algebra B. The category (S-n is a 
model category with fibrations the surjections and weak equivalences the quasi- 
isomorphisms. In particular, the forgetful functor (Br — > £ preserves fibrations 
and quasi-isomorphisms, and it follows formally that the extension of scalars functor 
preserves cofibrations and quasi-isomorphisms between cofibrant objects. We can 
now give the proofs of Theorems 11.71 11.111 and 13.41 

Proof of Theorems \1.7\ and \l.ll\ By ProDOsition l4.3l it suffices to consider the case 
when Y = K{G,n) for G = Z or Z/pZ and n > 2. Let = K{G^,n). Choose 
a cofibrant approximation A — > C*Y. The map C*{Y^;Z^) — > C*{Y;Z^) is an 
acyclic fibration, and so we can choose a lift of the map A — > C*Y — > C*{Y\ Z'^) 
to a map A — > C*(y^;Z^). Factor the map A — > C*{Y^;Z^) as a cofibration 
A — > A'^ followed by an acychc fibration A^ — > C*(y^; Z^). Then the composite 
map A'^ — > C*(F;Z^) is a cofibrant approximation. 

In the case when G = Z/pL, let E be the initial object £(0) in £, and let E — > A 
be the unique map; the map E (E> — > A (E> Q is then a quasi-isomorphism since 
the cohomology of F = K{G,n) is torsion. In the case when G = Z, let E be the 
free E^ algebra on one generator in degree n; we choose a map of -Eoo algebras 
E — > A that sends the generator to any cocycle that represents in cohomology the 
fundamental class of H*{K{Z, n)). Again the map E ^ Q — > A ® Q is a quasi- 
isomorphism; this time because the rational cohomology of K{Z, n) is the free 
graded commutative Q-algebra on the fundamental class and so is the cohomology 
of i? ® Q. For R containing Q, the map 

T{A- R) = C*(A[.]; i?)) ^ £q(A ® Q, C*(A[.]; i?)) 

£q(E; ® Q, C*(A[.]; i?)) ^ ^{E, C*(A[.]; i?)) = T{E- R) 

is then a homotopy equivalence by the dual form of Proposition 12. 21 On the other 
hand, we can identify T{E] R) as follows. 

When G = Z/pZ and E = E{Q), we have that T{E\ R) is a single point. Thus, 
T{A;R) is contractible. It follows that map rj: Y — > T{A;Q) and the map 

. yA — ^ T{A; Q) are rationalizations. 

When G = Z and E is the free Eoo algebra on a generator in degree n with 
zero differential, the set of s-simplices of T{E; R) is the set of degree n cocycles of 
G*(A[s];i?); in other words, T{E;R) is the standard Eilenberg-Mac Lane complex 
K{R,n) (see for example ^2 §23]). We can assume without loss of generality that 
the models for K{Z,n) and K(Z^,n) we have chosen for Y and Y^ are strictly 
{n — l)-connected (have only one vertex and no non-degenerate j-simplices for 1 < 
i < n — 1)] for example, the standard models have this property. Then there is 
a unique cocycle representing each cohomology class of H^Y and of H^{Y^; Z^). 
Looking at the explicit description of the unit of the (G*, T) adjunction of Section^ 
we see that the maps Y — > T{E\ Q) and — > T{E; Q^) are rationahzation, 
and it follows that the maps -q-.Y — > T{A;Q) and ry^ : — > r(A;Q^) are 
rationalization. □ 
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Proof of Theorem \3.4\ By Proposition 14.31 we are reduced to proving the theorem 
for Y = (Z, n) or Y = K{Z/pZ, n) for n > 2. We start with C — > C*Y a given 
cofibrant approximation, and C — > k a given map of Eac algebras. If E is any 
cofibrant Eoo fc-algebra and E — > C ® /c is a quasi-isomorphism, then the map 

DiC; k) = {(t/k){C, k © C*(A[.]; 

^ {<Ek/k){C®k,k®C*{A[»]-k[-l])) ((£fe/fc)(^,A:eC*(A[.];fc[-l])) 

is a homotopy equivalence by the dual form of Proposition 12. 21 here Cfe/A: denotes 
the category of E^o fc-algebras lying over k. We denote the last simplicial set in the 
display above as D{E\k; k). In this notation, it suffices to show that for some such 
E, D{E\k; k) is contractiblc. 

In the case when G — Wi/pL and p is different from the characteristic of k, then 
H*{K{'Z/pZ,n); k) is trivial and we can take E to be the initial object £{0) (g) k; 
then D{E\k; k) consists of a single point and is therefore contractiblc. We now set p 
to be the characteristic of k. In the case when G = Z, the map C*{K('Ep, n), k) — > 
C*{K{Z,n);k) is a quasi-isomorphism. We can write K{Zp,n) as the limit of a 
tower 

> K{Z/p'Z, n) — > ■ • • K{Z/pZ, n) 

of principal fibrations K{Z/p'^Z,n) — > K{Z/pZ,n + 1), and the canonical map 
ColimH*{K{Z/p'Z,n);k) — > H*{K{Z^ ,n);k) is a quasi-isomorphism. The ar- 
guments for Propositions 14.11 and 14.31 then reduce the case G = Z to the case 
G = Z/pZ. 

We use the work of [3 §6], which constructs an explicit cofibrant approximation 
of C* {K{Z/pZ, n); k) for a field k of characteristic p. Write E for the free functor 
from differential graded fc-modules to Eoo fc-algebras; it takes a differential graded 
fc-module M to the -Eoo fc-algebra 

EM= 0(f(j)®fc) ®fep^]M(^). 

Let k[n] denote the differential graded fc-module free on one generator x in degree 
n, and let Gfc[ri] be the differential graded fc-module free on generators in degrees 
n — 1 and n with the differential taking the lower generator to the higher generator. 
In this notation, §6] describes a map p: Kk[n] — > Ek[n] such that the pushout 
over the inclusion Efc[n] — > EGfc[n], 

Efc[n] 4 > EGfc[n] 

p 

Ek[n] ^ > E 

E ~ Efc[n] lip EGfc[n] (which was denoted as i?„ in ;9, 6.2]) is quasi- isomorphic to 
C* {K{Z/pZ,n); k). All we need about the map p is that it takes the generator x 
of Efc[n] to the generator x of Efc[n] minus a class p in 

{S{p)<S>k) (fc[n])(^') cEfcH. 

(The class p represents P^x in iJ*(Efc[n]).) 
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Choosing a quasi-isomorphism E — > C®k, we obtain an augmentation E — > k. 
From the pushout square above, we get a puUback square. 

D{E\k; k) > D{¥.Ck[n]\k; k) 

D(Efc[n]\fc; k) > D{m\n]\k] k) 

p' 

The vertical arrows are fibrations and the simphcial set in the upper right hand 
corner is contractible. Since k © C*(A[»]; 1]) has the square zero muhiphcation 
and the degree of x — p is bigger than 0, any map a : Efc[n] — > k © C*(A[»]; 1]) 
sends x — p to the same element it sends x; it follows that the bottom horizontal 
map p* is an isomorphism. Thus, D{E\k; k) is contractible. □ 

5. Function Complexes and Continuous Functors 

The purpose of this section is to set up the machinery we need to prove Theo- 
rems [TTll and [TTll The main difficulty is that the identification of T(C*(y);Z^) 
as Ay^ required comparing with T(C*(F); R) for R = ¥p and this makes it diffi- 
cult to compare with T{C*{Y); R) for i? = Q and i? = Q^. The basic idea is to 
produce a version of AK^ that is a representable functor and to produce a version 
of T{C*Y; R) that is a continuous functor. We then can able to apply the Yoneda 
Lemma to construct natural maps and to identify natural transformations. As a 
side benefit this gives us sufficient naturality to prove Theorem 1 1.1 31 in Section 

To carry out this strategy, we use the theory of "function complexes" developed 
in the papers jHIEIEl of W. G. Dwyer and D. M. Kan. This theory works best when 
we apply it to a small category. The set-theoretic technicalities involved in using a 
category that is not small are usually treated by ignoring them. This is harmless 
for most applications; essentially the only time these technicalities become an issue 
is in the context of mapping space adjunctions. Unfortunately, this is the context 
in which we are working, and so we are forced to deal with them. 

To address these issues, we arrange to work in a small category by limiting the 
size of the E^o algebras and simplicial sets we consider. For unrelated reasons we 
explain below, in addition to the category £ of E^o Z-algebras, we also need to work 
in the category of Eoo Z^-algebras (over the operad The following 

definition describes the precise categories we use. 

Definition 5.1. For a simplicial set Y, write #F for the cardinality of the set 
of non-degenerate simplices of Y, and for a differential graded module M, write 
#M for the product of the cardinalities of the modules of all degrees. Let h be 
a cardinal at least as big as 2^, where c is the cardinality of the continuum, and 
at least as big as JJ #^("-)- For a commutative ring R with #i? < c, let be a 
skeleton of the full subcategory of Eoo i?-algebras A satisfying #A < >c; we write 
£' for (B'^. Let S' be a skeleton of the full subcategory of simplicial sets Y satisfying 

Recall that a skeleton of a category is a full subcategory with one object in each 
isomorphism class; the inclusion of a skeleton is an equivalence of categories. We can 
assume without loss of generality that yt'^ = yt (by replacing >c with 2^ if necessary) ; 
then for any commutative ring R with cardinality at most c and any simplicial set 
with at most >c non-degenerate simplices, C*(X\EC) has cardinality at most k in 
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each degree. The normahzed cochain functor with coefficients in R therefore defines 
a functor C*{—;R): S' — > 2:'^. In addition, we have the foUowing homotopy 
theoretic observations; the proofs are straightforward cardinahty arguments given 
at the end of this section. 

Theorem 5.2. The category S' admits the following closed model structures: 

(i) Weak equivalences the usual weak equivalences, cofibrations the injections, 
and fibrations the Kan fibrations. 

(ii) Weak equivalences the rational equivalences, cofibrations the injections, 
and fibrations defined by the right lifl^ing property. 

(iii) Weak equivalences the finite equivalences (maps that induce isomorphisms 
on homology with finite coefficients ), cofibrations the injections, and fibra- 
tions defined by the right lifting property. 

Moreover, every finite type nilpotent simplicial set is weakly equivalent to an object 
in S' 

Theorem 5.3. Let R be a commutative ring with 4f^R < c. The category €' is a 
closed model category with weak equivalences the quasi-isomorphisms, fibrations the 
surjections, and cofibrations as described in [SJ 2.4]. 

The version of the Dwyer-Kan theory we use is called the "hammock localiza- 
tion" ^ §2]. It is defined for any small category with a suitable notion of weak 
equivalence, but we only need to apply it to small closed model categories. In |5, 
the hammock localization is defined to be a simplicial category with the same set 
of objects as the original category. The simplicial sets of maps in this category 
are virtually never Kan complexes. To avoid this inconvenience in the next two 
sections, we convert this into a topological category. 

Definition 5.4. Let 9Jl be a small closed model category, and let L^DJl be the 
simplicial category obtained by hammock localization as defined in 01 §2] . Let LTl 
be the topological category obtained from L^dJl by geometric realization. 

As mentioned above, the simplicial category L^OJl and therefore the topological 
category LTl has the same object set as 9Jt. The discrete category OJl includes in 
L9JI as a subcategory, and so a map in Tl gives us a map in LDJl. We need the 
following additional properties of this localization. 

Proposition 5.5. 4, 3.1] The category ttoLVJI is equivalent to the homotopy cate- 
gory ofVJl. 

Proposition 5.6. 4, 3.3] If f : X — > Y is a weak equivalence in dJt, then for any 
object Z in 371, the maps 

/, : Lm{Z, X) — > Lm{Z, Y), /* : Lm{Y, Z) — > LTtiX, Z) 

are homotopy equivalences. 

Proposition 5.7. 4, 3.4] A functor F: QJli — > that preserves weak equiva- 
lences has a canonical extension to a continuous functor LF: LOJli — > LdJl2. If 
G : 97I2 — > preserves weak equivalences, then L{G o F) = LG o LF. 

We warn the reader that L does not preserve natural transformations; a natural 
transformation F — > G generally does not extend to a natural transformation 
LF — > LG. See for example [2| 3.5] where the diagram commutes only up to 
homotopy. In the terminology of category theory, L is a functor but not a 2-functor. 
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The theory of resolutions described in Section[51gives a different way of assigning 
a simplicial set of maps. The following proposition, proved in 2| 6.1] compares 
these two constructions. In the statement, we denote the geometric realization of 
a simplicial set by | ■ |. 

Proposition 5.8. Let X* be a cosimplicial resolution of X and let Y he a fibrant 
object in VJl. The inclusions 

\TliX',Y)\ — > \Lmt{X\Y)\ < — Lm{X,Y) 

are homotopy equivalences. 

The dual statement for simplicial resolutions and cofibrant objects also holds 
since (L9JI)°p and L(9JI°p) are isomorphic topological categories. Alternatively, 
it is readily deducible from Propositions 12.31 15.61 and 15.81 Combining this with 
Proposition 12.71 we get the following proposition, which requires no fibrancy or 
cofibrancy assumptions. 

Proposition 5.9. // the square on the left is homotopy cartesian in dJl, 
W > X Lm{A, W) > Lm{A, X) 



Y > Z Lm{A, Y) > Lm{A, Z) 

then for any A in 9Jl, the square on the right is homotopy cartesian in Top. 

We now apply the previous observations to the case at hand, the model structure 
on 2;' and the model structures on S' . It is convenient to use S' to denote the usual 
model structure l5.2l fi'l on S'] we write S'^ for the model structure l5.2l fii') with weak 
equivalences the rational equivalences, and S'^- for the model structure 15 . 21 fiii^ with 
weak equivalences the finite equivalences. The following theorem is an immediate 
consequence of Proposition 15.81 For part (iv), let S*^ denote the simplicial model 
for the circle with one vertex and one non-degenerate 1-simplex. 

Proposition 5.10. We have natural isomorphisms in Ho{%op) 

(i) |r| ~ LS'{*,Y) 

(ii) |r|Q^L5^(*,y) 

(iii) |rr 

(iv) A|rp 

Thus, we have produced a version of AY^ that is a representable functor on LSj. 
The following proposition in particular produces a version of T{C*Y; R) that is a 
continuous functor of LS'; it is an immediate consequence of the dual statement to 
Proposition 15.81 

Proposition 5.11. Let R be a commutative ring with ^R < c. We have a natural 
isomorphism in the homotopy category _ffo(Top), |T(A, i?)| ~ LQ;'(A, i?). 

Unfortunately, when we apply the Yoneda lemma for natural transformations 
out of the representable functor LiSj(S'^, — ), we need the target to be a continuous 
functor of LS'^, but LC* is merely a continuous functor of LS' since C* does 
not preserve general finite equivalences. The functor C*(— ; Z^) does preserve finite 
equivalences, and here is where we need the category • We have in mind R ~ Z^, 
W, or in the following proposition. 
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Proposition 5.12. Let R he a commutative ring containing Z'^ and satisfying 
jj^R < c. Then the map 

an/. LS'f{*,Y) ±^1^ 



is natural in maps of Y in LS'j . The map 

Pr: ie^A(C*(y;Z^),i?) — > L€'(C*(r;Z^),i?) — > L€'{C*{Y),R) 

is natural in maps of Y in S' (but is not natural for maps of Y in LS' or LS'^ ), 
and is a homotopy equivalence when Y is finite type. 

Proof. The first statement follows from Proposition 15. 71 In the second display, the 
first map is natural in LS' (again by Proposition l5 . 7|l . and the second map is natural 
in S' (but not natural in LS' or LS'j). When Y is finite type and A — > C*F is a 
cofibrant approximation, then ^ (g) Z^ — > C*{Y; Z^) is a cofibrant approximation 
in and the composite map 

(£zA(A®Z'^,C*(A[.];i?)) £(A®Z'^,C*(A[.];i?)) €(A, C*(A[.];i?)) 

is an isomorphism. Proposition l5.8l then implies that Pu is a homotopy equivalence 
for Y finite type. □ 

To provide a bridge between the statements in Section ^ and the propositions 
above, we offer the following propositions; they are immediate consequences of 
Proposition 15 . 81 and its dual. 

Proposition 5.13. The following diagram in L[o{%op) commutes where the top row 
is fl.b]} and the vertical maps are the equivalences of Provositions \5. lUl and \5.11l 



-4 |T(C*(r);Z)| 



-4 \T{C*{Y);R)\ 



\Y\ 



L5'(*,r) — ^H£'(C*(r),Z) > L€'{C*iY),R) 

For the next proposition, let Yf be a fibrant approximation of y in iS^ ; then Yf is 
the Bousfield finite completion of Y and the map Y — > Yf is a model for the finite 
completion map Y — > Y^ when Y is finite type nilpotent. The map Y — > Yf 
induces a quasi-isomorphism C*(y/;Z^) — > C* {Y;Z^). As mentioned above, the 
following proposition is an immediate consequence of Proposition 15 . 81 and its dual. 
Note that the top composite is 77^ from Proposition ll . 1 II and the bottom composite 
is (3ro an from Proposition 15. 121 



Proposition 5.14. Let R be as in Provosition \5.1^ The following diagram in 
Ho{%Op) commutes. 



Yf 



^ T(C*(y/; Z^); i?) ^ T{C*{Y; Z^); > T{C*Y; R) 



LS'f{^,Yf)^L€'{C*iYf;Z^),R) 



LS'f{*,Y) 



L(£'(C*(r; Z^), i?) ^ L£'(C*y, i?) 
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Finally, we close this section with the proof of Theorems 15.21 and 15 . 31 

Proof of Theorems \ 5.!^ and \5.'A Using basic cardinal arithmetic, it is easy to see 
that S' is closed under finite limits and colimits and that £^ is closed under finite 
limits. To see that £^ is closed under finite colimits, note that the free Eoo R- 
algebra on a differential graded i?-module M, EM, satisfies 

#EM<n(c-#f(n)-(#M)"). 

li F: V — » (Br is a diagram of Eoo i?-algebras, the colimit of Eoo i?-algebras, 
Colim|, F may be described as a differential graded module as the coequalizer 

E(Cohmi, E o F) ] E(Cohmi, F) > Colim|, F 

(where "Colim-p" denotes colimit of differential graded modules). Thus, when V is 
a finite diagram and F factors through the colimit satisfies #(Colim|, F) < k, 
and so 2;'^^ is closed under finite colimits. 

It remains to see that the factorization axioms hold, since €^ and S' inherit the 
remaining axioms from the model structure on 2;'^ and the corresponding model 
structures on S' . In the usual model structure on simplicial sets and the Bousfield 
local model structures [2 §10-11] the factorizations are constructed by the small 
object argument |12[ II. 3. 3-4]. Let /: X — > y be a map, and consider either of 
the standard factorizations X — > Z — > Y. By inspection in the case of (i) and 
by ^ 11.1,11.5] in the case of (ii) and (iii), an easy cardinality argument shows 
that 

#Z < c ■ #X . #F 

It follows that for a map in S' the usual factorizations in S may be performed in 
S' , and so S' inherits the listed closed model structures. The argument in €^ for 
Theorem 15 .31 is entirely similar. □ 

6. The Proof of Theorems II. 121 and II. 151 

This section is devoted to the proof of Theorems 11.121 and 11.151 The argument 
is to use the basic tools of function complexes described in the previous section to 
reinterpret the statements in terms of continuous functors and to apply the Yoneda 
Lemma. We begin by stating the following theorem that combines and refines 
Theorems [TT^ and [TTBl 

Theorem 6.1. There is a natural (in S' ) transformation 

A: LS'f{S\Y) — >i(£'(C*(r);Z^) 

that is a weak equivalence when Y is connected finite type nilpotent. Moreover, the 
following diagrams in Top commute up to natural homotopy. 

LS'j{S\Y) ^ Le'{C*{Y),Z'') LS'f{S\Y) ^ Le'iC*(Y),Z'') 

L5}(*,y)^L€'(C*(y),W) LS'^{*,Y)^^L<B'iC*(Y),Q^) 
Here 7w — Pw ° Q^w o,nd 7qa — /3qa o qqa for the maps an, (3r of Provosition \5 . 1'A 
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It is convenient to use a formulation of Theorem 11.81 in terms of LS'j: and L(B'. 
The precise formulation we need is the following proposition. It is an immediate 
consequence of Theorem II. 81 ProDOsition l5.14l and the Main Theorem of 

Proposition 6.2. Let Y be a connected finite type nilpotent simplicial set in S' . 
The natural map /3w o a-yi/: LS'^{*, Y) — > L€'(C*y, W) is a weak equivalence. 

Using Propositions 15.131 and 15.141 after passing to the homotopy category and 
dropping naturality, Theorem 16 . II becomes Theorems 11.121 and 11.151 

We now begin the proof of Theorem 16. II Recall from II§5] that there is a 
unique ring automorphism $p of the Witt vectors ly(Fp) that induces the Frobenius 
on the residue field Fp. We have that the ring of p-adic integers is the subring 
of Vl^(Fp) of elements a satisfying — a. Another property of the Frobenius is 
that for every element a of Vl^(Fp) there is some element x in T4^(Fp) that satisfies 
$pa; — X = a. We let $ be the automorphism of W that performs $p on the factor 
W(Fp) for each p. We then have that is the subring of W of elements a satisfying 
$a = a, and for every element a of W, there is some element a: in W that satisfies 
^x — X = a. It follows that the square 

Z'^ > W 

(id,$) 

W > W X W 

(id, id) 

is a puUback square and a simple calculation shows that it is homotopy cartesian, 
but note that none of the maps in the square are surjections. We can factor the 
bottom map through a fibration very easily, as 

W — > C*(/, W) — > W X W, 

where / — A[l] is the standard 1-simplex. The maps are the induced maps on 
C*(— ; W) of the projection / — > * and the inclusions of the vertices {0, 1} — > /. 
Let Z' be the Eao Z^-algebra that makes the following square a pullback. 

Z' 

(id,*) 

C*(/;W) > W X W 

It follows that the induced map j : — > Z' is a quasi-isomorphism. As a conse- 
quence we get the following proposition. 

Proposition 6.3. The natural map 

j,: i(£^A(C*(y;Z^),Z^) — > L^^a (C*(r; Z^), Z') 

is a homotopy equivalence. 

The endomorphism $ of W restricts to the identity endomorphism of Z^ , and 
so replacing W with Z^ , the analogue of the square defining Z' as a pullback is the 
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square 



C*(5'i;Z^) 



(idad) 

C*(/;Z^) >Z^ xZ^ 

describing C*(S'^;Z^) as a puUback. The inclusion Z^ — > W and the universal 
property of the puUback induce the diagonal maps in the following commutative 
diagram. 



C*(S'i;Z^) 



Z' 




Z'' X Z^ 




We obtain the following commutative diagram by composing LC*{—\ Z^) with the 
maps induced by the diagonal maps above. 



LS'{S^,Y) 



L£^4C*(y;Z^),^') 



->L€iA(C*(r;Z" 



->L5U{0,l},y) 



-^L€^A(C*(y;Z^),W X 



LS'f{I,Y). 



Le^4C*(r;Z^),C*(/;W)) 

Note that all the diagonal maps in this diagram are natural for maps of Y in LS'j. 
By Proposition 15.91 and its dual, both squares in the diagram above are homotopy 
cartesian in the category of spaces. Proposition 16.21 implies that when Y is con- 
nected finite type nilpotent, the solid diagonal arrows are homotopy equivalences. 
The dashed arrow 9 is then a weak equivalence; we obtain the following proposition. 

Proposition 6.4. There is a natural transformation 

0: LS'f{S\Y) — > ie^4C*(r;Z^),Z') 

of functors LS'^ — > Top that is a weak equivalence whenever Y is connected finite 
type nilpotent. 

Let /o denote the image under of the identity map of . Let /i be a point 
in L(B'{C*{S^;Z^),Z^) sent to the component of fo under the map in Proposi- 
tionO Choose a path F: I — > L(t'{C*{S^;Z^), Z') connecting /q and j^fi. The 
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Yoneda lemma then gives us a natural map 

C: LS'f{S\Y) — > L€'(C*(5^Z^),Z^) 

and a natural homotopy 

6: LS'j:{S^,Y) xl — > L(£'(C*(5^ Z^), Z') 

between 9 and j* o Combining this with Propositions 16 . Hi and 16.41 we obtain the 
following proposition. 

Proposition 6.5. There is a natural transformation 

(: LS'f{S\Y) ^ L€^4C*{Y;Z^),Z^) 

of functors LS'^ — > Top that is a weak equivalence whenever Y is connected finite 
type nilpotent. 

We now prove Theorem 16.11 

Proof of TheoremUn\ Since H£^4C*(S'i; Z^), W) and L£^4C*(S'i; Z^), Q'^) are 
connected, just as above, the Yoneda Lemma allows us to choose natural (in LS'j:) 
homotopies for the following diagrams in lop for R = W, . 

LS'j{S\Y) L(B'^4C*{Y;Z'^),Z'') 

L^'A*^ L(B^4C*{Y; Z^),R) 

Let A — /J^A o Then A is natural in S' and is a weak equivalence for connected 
finite type nilpotent Y by Propositions 15 . 1 ^ and 1^31 We compose the homotopies 
above with the maps /3w a-nd /3qa to get the natural (in S') homotopies for the 
statement. □ 



7. The Proof of Theorem 11.131 

In this section we deduce Theorem II . 131 from Theorem 16. II The argument con- 
sists exclusively of manipulating homotopy puUbacks. 

Define EY to be the homotopy puUback of L(£'(C*F,Z^) — > L€'{C*Y,Q'') 
along L£'(C*y,Q) — > L(B' {C*Y,Q^), and let DY be the homotopy puUback of A 
along L€'(C*r,Q) — > i£'(C*r, Q^). 

EY s>Le'(C*y,Z^) DY >LS'j{S\Y) 

LiB'{C*Y, Q) Le{C*Y, Q^) Le{C*Y, Q) LiB'iC*Y, Q^) 

Then E and D are functors of Y (in S') and we have natural transformations 

L(£'(C*y,Z) — > EY < — DY 
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that are weak equivalences when Y is connected finite type nilpotent. Let AY be 
the homotopy pullback of 7qa along L(B'{C*Y, Q) — * L(£'(C*r, Q^). 

AY >LS'^i*,Y) 

L(B'iC*Y,Q) >L£'(C*r,(Q^) 

Then v4 is a functor of Y (in 5') and we have a natural transformation D — > A 
induced by the (second) natural homotopy in Theorem 16. II 

When we restrict to the case when Y is connected finite type nilpotent, we get 
a natural transformation in the homotopy category 

S: \Y\~ LS'{*,Y) — > Le'{C*Y,Z) — > EY ^ DY — > AY. 

We can see from Proposition l5.10l fiii') and Theorems ll.Tl and ll.lll that the square 
defining AY is equivalent in the homotopy category to the arithmetic square for Y, 
and that AY is abstractly weakly equivalent to Y, but for our argument below we 
need to see that this particular map is a weak equivalence. 

Theorem 7.1. For Y connected finite type nilpotent, the natural map in the ho- 
motopy category S : Y — > AY constructed above is a weak equivalence. 

Proof. Since Y and AY are both finite type nilpotent spaces, to see that 5 is a weak 
equivalence, it suffices to check that it is a weak equivalence after finite completion 
and that it is a weak equivalence after rationalization. To do this, it suffices to 
check that the composite maps in the homotopy category 

|y| — >AY — > LS'fi*, Y), \Y\ — >AY — > L<B'{C*Y, Q) 

are a finite equivalence and a rational equivalence respectively. We can use the fact 
that the maps comparing i£'(C*y, Z), EY, DY, and AY are induced by maps 
of squares to analyze these composite maps. The map from DY — > AY sends 
LS' {S^ ,Y) to LS'{*, Y) by the map induced by the inclusion of the vertex in S^. We 
therefore see that that the composite map |y | — > LSj{*, Y) is a finite equivalence 
because the first diagram in Theorem 16 . II commutes in the homotopy category and 
the composite map |y| — > L(B'{C*Y,W) is finite completion by Proposition 16.21 
Theorem ll.7l and Froposition lfi.lHI identifv the composite map |y| — > L€'{C*Y, Q) 
as a rational equivalence. □ 

Theorem 17. II is the main result we need for the proof of Theorem 1 1.131 

Proof of Theorem M.lcA For Y connected finite type nilpotent, we define e to be the 
composite of the natural map in the homotopy category 

L€'(C*y, Z) — > EY 2:^DY — > AY 



and S~^. When Y is not connected, 10, 3.1] allows us to break up L€'(C*F, Z) 
naturally into a disjoint union of L(£.'{C*Yo,'Z) over the components Yq of Y. We 
then define e componentwise. □ 



COCHAINS AND HOMOTOPY TYPE 



27 



References 

[1] A. K. Bousfield, The localization of spaces with respect to homology, Topology 14 (1975), 
133-150. 

[2] Emmanuel Dror, A generalization of the Whitehead theorem, Symposium on Algebraic Topol- 
ogy (Battelle Seattle Res. Center, Seattle, Wash., 1971), Lecture Notes in Math., vol. 249, 
Springer, BerUn, 1971, pp. 13-22. 

[3] W. G. Dwyer and D. M. Kan, Simplicial localizations of categories, J. P. A. A. 17 (1980), 
267-284. 

[4] , Calculating simplicial localizations, J. P. A. A. 18 (1980), 17-35. 

[5] , Function complexes in homotopical algebra. Topology 19 (1980), 427-440. 

[6] W. G. Dwyer and J. Spalinski, Homotopy theories and model categories. Handbook of alge- 
braic topology, North-Holland, Amsterdam, 1995, pp. 73-126. 
[7] V. Hinich, Virtual operad algebras and realization of homotopy types, J. Pure Appl. Algebra 

159 (2001), no. 2-3, 173-185. 
[8] Michael A. Mandell, Equivalence of simplicial localizations of closed model categories, J. Pure 
Appl. Algebra 142 (1999), no. 2, 131-152. 

[9] , -Boo algebras and p-adic homotopy theory, Topology 40 (2001), no. 1, 43—94. 

[10] , Equivariant p-adic homotopy theory. Topology Appl. 122 (2002), no. 3, 637—651. 

[11] J. Peter May, Simplicial objects in algebraic topology, D. Van Nostrand Co., Inc., Princeton, 

N.J.-Toronto, Ont.-London, 1967. 
[12] D. G. Quillen, Homotopical algebra. Lecture Notes in Mathematics, vol. 43, Springer, 1967. 
[13] , Rational homotopy theory, Ann. of Math. 90 (1969), 205-295. 

[14] J. -P. Serre, Local fields. Springer- Verlag, New York, 1979, Translated from the French by 
M. J. Greenberg. 

[15] V. A. Smirnov, Homotopy theory of coalgebras. Math. USSR-Izv. 27 (1986), 575-592. 
[16] J. R. Smith, Operads and algebraic homotopy, preprint math. AT/0004003 
[17] D. Sullivan, The genetics of homotopy theory and the Adams conjecture. Annals of Math 
100 (1974), 1-79. 

[18] , Infinitesimal computations in topology, Publ. Math. I. H. E. S. 47 (1978), 269-331. 



Department of Mathematics, University of Chicago, Chicago, IL 
E-mail address: mandeliamath.uchicago . edu 



